Computational hemodynamic models of the cardiovascular system are often limited to finite segments of the system and therefore need well-controlled inlet and outlet boundary conditions. Classical boundary conditions are measured total pressure or flow rate imposed at inlet and impedances of RLR, RLC or LR filters at outlet. We present a new approach based on a unidirectional propagative hypothesis (UPH) to model the inlet/outlet boundary conditions on the axisymmetric Navier-Stokes equations. This condition is equivalent to a non-reflecting boundary condition in a fluid-structure interaction model of an axisymmetric artery. First we compare the UPH to the best impedance filter (RLC). Second, we apply this approach to a physiological situation i.e. the presence of a stented segment into a coronary artery. In that case a reflection index is defined which quantifies the amount of pressure waves reflected upon the singularity.
Introduction
As widely documented [ [1] [2] [3] [4] [5] [6] [7] [8] ], hemodynamical conditions at the arterial wall play an important role in atherosclerosis: a low mean shear stress, an increase of the shear oscillatory component, or an abnormal stagnation time are known to be correlated to the location of atheromateous plaques. A comprehensive study of such a phenomenon requires the accurate knowledge of blood flow, i.e. velocity profiles and pressure distributions inside the artery. Unfortunately, these data remain difficult to measure experimentally, particularly when studying atheromateous plaques: blood velocity measurements using Doppler devices are difficult to assess, in part because of the size and location of the region of interest and, more importantly, because of the presence of distal walls that deteriorates the signal to noise ratio due to wave reflections. Another important point concerns the evaluation of in vivo pressures, which cannot be directly obtained in an atraumatic way. Because of these experimental limitations, computational hemodynamics has been used as an alternative tool for studying arterial flow. As large numerical resources are required to simulate a complex 3D arterial tree, numerical works are often limited to the investigation of a unique vascular segment [ [9] [10] [11] ]. In all cases the main problem remains the choice of inlet, outlet and arterial wall conditions. Different approaches have been proposed to determine an optimal choice for inlet and outlet conditions: for instance, [12] imposed inlet and outlet pressure to be the experimentally measured quantities. Resulting velocity profiles are nevertheless sensitive to errors resulting from imprecise estimations of pressure. Other authors used a RLC system (like Winkessel models) or more complex systems with inductive elements [ [13] [14] [15] [16] ] . These methods however failed to completely eliminate inlet and outlet boundary reflections [ [17] ]. This latter point is crucial since spurious reflections generated by outlet or inlet boundaries may flaw the investigation of true reflections due to arterial stenosis or stents. In the following, we present a numerical model of an axisymmetric flow in a flexible tube and an approach based on a unidirectional propagative hypothesis (UPH). This models the inlet/outlet boundary conditions for the Navier-Stokes equations. We compare the UPH with the condition obtained when assuming a semi-infinite tube or a classical RCL system. Since spurious reflections disappear in that approach we apply the UPH to investigate the hydrodynamic role of a singularity; more precisely we define a reflection index that quantifies the amount of pressure waves reflected upon a stent model.
Material and methods
We have tested the different boundary conditions on a Newtonian flow in a model of artery which is a flexible cylinder of length L and radius R(t). The temporal dependence on radius R(t) is due to the coupling between flow and wall. Thereafter, we present the numerical description of the model and its validation.
Description of the model
The numerical simulations were performed using the COMSOL software (COMSOL Inc.). This tool based on a finite element approach, numerically solves partial differential equations (PDE) with the corresponding boundary conditions. We use two different solvers one for the fluid domain and one for the solid one. COMSOL also handles fluidstructure problems flow by coupling both fluid and solid solvers. For the fluid part, COMSOL solves the Navier-Stokes equation and mass conservation over the computational domain. The fluid is assumed incompressible of constant density ρ = 1060kg/m3 and Newtonian of dynamic viscosity µ = 5.10 −3 Pa.s. The blood viscosity for a high shear rate is around 4 10 −3 and can rise up to 40 10 −3 Pa.s for low shear rates. We decided to use a moderate high viscosity value to model large or middle size arteries. The flow is assumed to remain axisymmetric; as a consequence, only radial v r (r, z,t) and longitudinal v z (r, z,t) velocities and pressure p(z,t) appear into the mathematical model. The fluid equations thus read :
where ν = µ/ρ denotes the kinematic viscosity and the longitudinal variable z runs between 0 and L, and the variable r between 0 and R(t). Furthermore, by symmetry, radial velocity and radial derivative of axial velocity are zero at r = 0 and a no slip condition is imposed on the arterial wall (r = R(t)).
In COMSOL, the inlet and outlet boundary conditions (z = 0 and z = L) are expressed as follows: the pressure is imposed at both ends of the computational domain. Depending on models (see below), it can be given directly as a given input (P(z = 0/L,t)), or can be obtained through the solution of an ordinary differential equation relating pressure and flow rate.
For the solid dynamics part, the arterial wall is assumed to move only radially which is generally well admitted in hemodynamics. The entrance and the outlet portion of the solid is free to move radially under the pressure forces. The flexible wall is assumed to be nearly incompressible and made of an isotropic linearly elastic solid. It is thus only defined by its Young Modulus E and its Poisson's ratio ν p . The Euler equation of the solid structure is then:
where σ i j denotes the component (r, θ, z) of the stress tensor and b i the component of deformation along the i-axis . For a linear elastic, isotropic material the stress tensor components are related to the strain tensor components ε i j by the relation:
where δ i j is the Kronecker tensor. Using equations (2) and (3) COMSOL obtain a global equation for the displacement tensor. Equation (3) defines the two wall models used in our numerical computations. In the first one, the Young modulus E is constant and, in the second one, E = E(z) varies along the arterial axis (z variable) to mimic the effect of the stent. This approach is valid : the Young modulus of the stent is known to be higher than the Young modulus of the arterial wall and, as shown in a previous work [ [18] ], the stent behaves as if it only induces a mechanical stiffening of the arterial wall. Practically, Young's modulus is increased for a normal value (artery) to a higher value within the length of the stent (20mm). In order to avoid discontinuous functions in numerical resolution the Young modulus smoothly changes near of the extremities of the stent. To couple both solvers, COMSOL uses an ALE (Arbitrary Lagrangian-Eulerian) approach: the fluid-structure interaction is taken into account by imposing that radial forces computed through the fluid stress tensor are continuous across the wall at r = R(t).
Computational domain
The computational mesh for the fluid domain is axisymmetric as stated above, therefore (r, z = [0, R(t)] × [0, L]) is composed of rectangular elements: 500 elements in the axial direction and 12 elements in the radial one. We performed several sensitivity tests by simulating a pulsed flow in a long tube (L = 0.5 m). For the axial direction, we studied the dependence of velocity field and arterial radius with the mesh density. The computation of the maximum radius over the simulation Max t [R(L/5,t)] at z = L/5 only varies of 0.04 % when using 1000 instead of 500 axial elements. At the same position, the axial velocity varies by 1.7% and the wall shear stress (WSS) by 1.9%. On the contrary, 250 mesh elements seem to be insufficient. Therefore for all numerical simulations presented here the mesh density in the axial direction was set to 500/50 = 10 elements per cm. This radial mesh is not uniform: step size is growing exponentially as exp(0.03r) from the wall to the center of the tube. This allows meshing correctly the oscillating boundary layer; its typical size is proportional to the inverse of the square of the Womersley number α defined as R(ω/ν) 1/2 . Here ω denotes the typical flow pulsation.
We have checked that 12 elements in the radial direction were sufficient enough for a good evaluation of the WSS. For the elastic wall, only 3 mesh elements were used in the radial direction. We tested the sensitivity of the solution and determined that the relative variation of the solution between 2 elements and 5 elements in the tube thickness was less than 0.3% for the maximal fluid velocity at z = L/5. The axial mesh in the solid is identical to the fluid domain one. Consequently, the sensitivity with respect to the axial mesh in the solid has been performed together with the fluid domain (see above).
Validation of the model
In order to validate our numerical model, we compare the numerical solution with an analytical solution in a semiinfinite medium. Note that this analytical solution is only pertinent in a linear regime where deformations amplitudes are small compared to physiological ones.
Analytical solution in a "semi-infinite" tube
It is possible to obtain an analytical solution for a pressure wave generated by an imposed periodic pressure signal p(z = 0,t) which propagates in a viscous fluid contained in a semi-infinite elastic tube z > 0. Indeed let us Fourier decompose the pressure at z = 0
The general solution then reads
where the complex wave numbers k n (ω n ) is obtained by a dispersion relation for a particular propagative solutions of the form e i(ωt−k(ω)z) . Within some approximations (wave velocity larger than the longitudinal fluid velocity, wavelength larger than the mean tube radius R), the existence of this particular solution implies that complex wave number k and the real pulsation ω are related via the dispersion equation
where F(z) = 2J 1 (z)/(zJ 0 (z)) is the Womersley function [ [19] ], J 0 and J 1 are Bessel functions of the 1st kind, and c 0 is the phase velocity of the radial mode called Young's mode equal to A ρ dP dA . For thin walled tube hypothesis and linear elasticity, its value is known via the Moens and Korteweg relation [ [20] ]
where A 0 stands for the undeformed tube cross sectional area and C p for the elastic tube compliance. This latter quantity is assumed constant (Hookean model) which is the correct approximation as long as the pressure-induced deformations are negligible compared to the tube radius.
Numerical simulation in a "semi-infinite" tube The above analytical expression is used to check the numerical code for a long tube with a known inlet pressure. The pressure imposed at inlet P imp (t) mimics a systolic pulse of duration T 1 = 0.4 s and of period T = 1 s, then
where ∆P is the maximal pressure pulse. Mechanical and geometrical properties as well as numerical inputs for COMSOL are given in Table 1 where h denotes wall thickness, D ext the external diameter.
These values are chosen close to physiological values of human coronary arteries since our interest is focused towards studying pressure pulse propagation in coronary arteries and the effect of stent placement in such vessels. Physiological h/D ext for coronary arteries have been extensively studied: for instance, [21] reported values between 0.08 and 0.44 depending on the age of the subject and the artery (left coronary artery vs right coronary artery).
The simulation is called here "semi infinite" because the tube is long enough (L = 4.92m) to avoid wave reflections at the outlet over the simulation time. In Figure 1 , comparisons are performed for z ∈ [0, 1.6 m] and reflected waves have no time to come-back to measurement points and only one wave is observed, the incident wave.
Comparisons (Figure 1 ) confirms the validity of our numerical code. The pulse attenuation coefficient was estimated by fitting the decrease of peak-to-peak pressure by an exponential function of the distance. The axial velocity of the fluid is of the order of 3.10 −2 m/s and the wave group velocity (peak to peak) computed from the numerical simulation was 5.7 ± 0.1 m/s (the Moens and Korteweg velocity (equation (5)) is 6.14 m/s which corresponds to the high frequency phase velocity). In addition, linear hypotheses are fulfilled since non-linear terms are around 0.5% of the linear term ∂u ∂t . 
Boundary Conditions
In this section, we propose a new boundary condition to allow unidirectional waves cross boundaries without reflections, the approach is named "unidirectional propagation hypothesis" (UPH). We also build another boundary condition based on a RCL model. Both approaches will be compared in Section 4.
Outlet boundary condition: unidirectional propagation hypothesis (UPH)
Let us consider the axial-component of the linearized Navier-Stokes equation in which one assumes axial derivatives to be negligible with respect to radial derivatives (such hypotheses are justified for blood flow since artery radius is smaller enough than characteristic wavelength). This leads to the simplified equation
where P is the transmural pressure. When integrated over a section at constant z, this equation becomes :
Let us consider a monochromatic wave of pulsation ω propagating in the z > 0 direction. Within Prandtl approximation, the associated transmural pressure is independent of the radial coordinate r and tis a plane progressive wave damped in the propagation direction:
where c = c(ω) is the phase velocity and γ = γ(ω) a damping coefficient. For this particular solution propagating towards positive z, it is possible to transform the z derivative into a time derivative
Let us now assume that this relation can be used for any unidirectional pressure wave as long as c and γ only a slightly depend on frequency ω. Using equations (8) and (10), a relationship is obtained for outlet pressure P out = P(z out ,t) :
In our computations, this equation is implemented as the outlet condition. Indeed pressure P out (t) can be obtained by solving this equation, Q out being numerically computed. The following procedure is called the unidirectional propagation hypothesis (UPH). The values of c and γ used in equation (11) are determined through simulations as follows. First a computation is performed using outlet condition (equation (11)) with constant c given by the Moens-Korteweg relation (5) and γ by the attenuation in the case of Womersley number given in Table 1 . Moreover, we use for this first simulation a tube long enough (1 m in this case) to ensure the separation of backward and foreward waves. By following the position and value of the pulse peak, velocity c and attenuation γ are measured. Once these factors computed, a second simulation is performed with the new values of c and γ and the true finite tube length. If reflected waves are observed, one repeats the same procedure and computes again the values of c and γ until the reflective waves disappear. Convergence is generally reached in three iterations. The evaluation of parameter c is important since a wrong value of c would lead to a unsatisfactory non-reflective condition. If one wants to modulate a reflected wave by prescribing a given amplitude index a in which runs between 0 (no reflexion) and 1 (total reflexion), it is possible to use the modified equation
It is possible to introduce similar boundary conditions at inlet to minimize reflective waves generated at the entrance. It is however necessary to separate the total pressure as a sum of a wave P i (z,t) propagating in the increasing z direction and a wave P r (z,t) propagating in the decreasing z direction:
with P i (z = 0,t) = P imp (t). One can then write equation (8) for pressure P and flow rate at inlet (z = 0). The reflected wave P r and the imposed pressure function P imp at that point can be added to get the total pressure P in = P(z = 0,t). Assuming that P i (z,t) is given by a spatio-temporal function similar to equation (9) and that P r (z,t) is given by P r (z,t) = P r0 e γz e iω(t−z/c) then the z-derivatives of P(z,t) at the entrance read :
Using equation (12), one can eliminate P r from equation (13) and deduce a boundary condition at the entrance:
Equations (11) and (14) are used as boundary conditions: they allow to model pressure pulses with minimal reflections at both tube extremities. This model has one major assumption: the non-dispersive hypothesis concerning c and γ.
A priori the viscous term in equation (14) must be evaluated at z = 0. Nevertheless at the inlet, the flow is not fully developed and the wall shear rate computed at z = 0 would lead to a wrong estimation of this viscous term. Under the long wavelength hypothesis it is more convenient to evaluate this term at a position sufficiently away from the inlet, larger than the inlet length and negligible as compared to the wavelength. The extent along z of this region scales as R, the radius of the tube. The effect of an inaccurate evaluation of the near wall shear rate can be observed by considering a wave propagating towards the inlet as shown in Figure 2a . If one evaluates the shear rate of equation (14) in a point immediately near the entrance (point C in Figure 2a ) one can observe reflections (Figure 2c ). Furthermore when the evaluation is done in a point distant from the inlet (point B located at a distance of 7R from the inlet), no reflective wave appears (Figure 2b) . (23) is evaluated at z = 1cm, i.e. approximately 7R, (c). Idem Fig 2 (b) but the shear rate is now evaluated at the tube entrance.
Another outlet boundary condition : RLC as a model of terminal impedance
We present in this section a boundary condition based on a RCL filter model. If one assumes low amplitude, the outlet pressure is related to the flow rate by the characteristic impedance Z c (ω)
This relation however cannot be used with a time advancing computation scheme since, it requires to work in frequency spectral space and thus to know, a priori, the whole time signal. In the general nonlinear regime, we replaced this transformation by a differential equation system approximating the function Z c in a given frequency range, in particular the physiological one, between 1 and 20 Hz. We propose a more complex filter than a standard RLC, where the elements are estimated by fitting the filter impedance as closely as possible to the characteristic impedance. When linear hypothesis are fulfilled, such a condition is strictly equivalent to the semi-infinite tube. This particular filter is given by a resistance R 1 and an inductive element L in series with a capacity C in parallel with an element Z 2 . This leads to the following complex impedance
In order to obtain the best fit of equation (15), we assumed that element Z 2 is complex. Once the best values of coefficient are found (C, R 1 , L, Z 2 ) it is possible to connect such an impedance to a system of differential equations calculating the pressure/flow relationship at the outlet boundary. In Fourier frequency-space, the expression for Z is decomposed into two terms Z = Z 1 + 1/Y 2 , so that the total complex pressureP at the outlet can be splitted into to terms such P =P 1 +P 2P
where Q is the real flow rate. The above algebraic system is equivalent to a system of linear differential equations which will be used as an implicit outlet boundary condition:
Finally the pressure P out is obtained by the following :
In reference [18] , we have shown that this approach is better than the classical RLC filter method to define non reflective boundary conditions.
Results and Discussion
We present numerical test on the application of the UPH approach. Let us denote by S INF the value of the numerical solution of a pulse wave propagating in a semi-infinite domain (see section 2) but reduced to the spatial sector [0, 0.5m]. At z = 0.5m, the numerical data hence present no reflexion and no reflected waves. Therefore this numerical data is the target for our comparisons. S UPH denotes the solution obtained numerically within domain [0, L = 0.5m] using the UPH boundary condition at z = 0.5 and S RLC the associated solution obtained numerically in the domain [0, L = 0.5m] using the RLC outlet boundary condition. We simulate these various approximations to identify which boundary condition is preferable. The mechanical characteristics and simulation parameters are given in Table 2 . We use the imposed pressure signal P imp of equation (6) with two values of adimensional pulse pressure amplitude ∆P/E ( 5.10 −4 and 5.10 −3 ) which represents approximately 1% and 10% of physiological values. The last value corresponds to the limit of approximations in the analytical model as v max /c becomes close to 6%. For ∆P/E = 5.10 −4 , the two solutions S RLC to S INF agree (Figure 3a) , the relative difference being less than 3.5%. For ∆P/E = 5.10 −3 (Figure 3b) , the difference at the tube outlet grows to 7 % due to reflections.
For ∆P/E = 5.10 −4 , the solution S UPH and S INF are in good agreement (Figure 4a ). The wave velocity and attenuation coefficient are also well assessed. For ∆P/E = 5.10 −3 (Figure 4b) , the difference between the two solutions at the outlet boundary is around 0.25% (evaluated at pressure peak). This result has to be compared to the S RLC condition (7%). Figure 2a illustrates the rôle of the inlet boundary condition (14) : in that instance, a pressure wave propagates towards the inlet and exists without reflections. However, when both backward and forward waves interact at z = 0, this inlet condition has not as efficient.
The UPH boundary conditions at inlet and outlet is able to eliminate spurious reflective waves. As illustrated in Figure 4 , it provides for a short tube in a 2D-axisymmetric configuration, a pressure propagative wave which does not differ from the pressure computed in "infinite" domain by more than 0.25%. 
Application of UPH on a stent singularity
Diseases of the arterial system (aneurism, stenosis...) and surgical treatments (stent-grafts, vascular substitute, stent) induce modifications of mechanical and geometrical properties of the vascular wall. For instance the consequences of a stent in an artery have been widely studied (struts protrusion [ [22] ], distribution of mechanical stresses on the artery [ [23, 24] ]). In particular it is known that a typical metal stent is around 5 times less compliant than the arterial wall [ [25] ]. One practical application of the UPH approach is to describe quantitatively the hydrodynamic effect of such an inhomogeneity in a short vessel segment. In this case it is necessary to separate the induced reflected wave from the total pulse wave (a stent could be responsible for a pressure pulse reflection around 6 %).
Numerous separation methods have been presented in the literature [ [26, 27] ] : linear methods, which give fairly good results, however fail when considering high amplitude waves [ [18] ] and nonlinear methods used until now generally required strong hypothesis for the evaluation of viscous term in the Navier-Stokes equation. The proposed approach evaluates the impact of an inhomogeneity by (a) performing two numerical simulations : without and with inhomogeneity. and (b) by subtracting both solutions, upstream of the singularity. Since reflected waves are only issued from the singularity, the difference between the two solution signals (flow rate, pressure, shear stress...) gives the reflected wave. Figure 7 presents successive wall displacement profile ∆R(z) in the tube measured each 1 m.sec. Without any singularity ( fig.7b ), the envelop of the maximum wall displacements (yellow line) shows the expected attenuation of pressure maxima while the wave is propagating. When a stent is present, this curve exhibits an increase just before the singularity, associated to a backward reflected wave. The characteristics of the numerical simulation are given in Table 2 Fig. 7. Radial displacement waves measured every 1e −3 s using UPH: Fig. (a) when the tube presents a singularity a hundred times stiffer than the tube wall situated between z = 0.31 m and z = 0.33 m; Fig. (b) without singularity. A yellow continuous line is superimposed, joining the maximum of the displacement wave at each time.
with a pressure signal defined before, and ∆P/E of 5 10 −3 . We have validated this method of separation by comparing its results within the linear domain with another separation method described in [ [27] ]. A good agreement was observed (results are not shown; differences are less than 0.5%).
A reflection index is introduced to quantify the effect of the singularity : it is based on the ratio between the backward axial velocity amplitude W − cl and the forward amplitude W + cl of the axial velocity W cl = w(r = 0). Note that we also use an index based but on the backward tube deformation ∆R − and forward amplitude ∆R + . The results are identical W − cl ; ∆R − and the forward amplitude W + cl ; ∆R + of the axial velocity W cl = w(r = 0) and a second one is tube deformation induced by waves: The difference observed between a separation based on a linear theory of pulse reflection and the numerical separation method can be explained by the fact that a linear theory does not take into account the hydrodynamic entrance length in the stent. The reflection index is an indirect evaluation of the compliance of the stent. Such an evaluation could be interesting in monitoring the degradation of biodegradable stents. Indeed it is still unknown how long a biodegradable scaffold effectively assumes a supporting role of the vascular wall [ [28] ].
Conclusion
We introduced a method that defines a non-reflective boundary condition for pressure waves into a flexible vessel. This method takes also into account the fluid-structure interaction and is based on Navier-Stokes equations using inlet/outlet boundary conditions with an unidirectional propagative hypothesis (UPH). This approach allows to eliminate spurious reflections which appear in classical techniques like RLC and LR circuits. Though it is performed here with an axisymmetric geometry, this method can be easily generalized to 3D simulations. A reflection index is given by the implementation of a method of wave separation where the component of the reflected wave is computed from the values of total pressures or wall displacements with and without the obstacle (the stent). We have applied this approach to a physiological situation i.e. the presence of a stent into a coronary artery.
